We give a short account of the quantisation of the Szekeres spacetime by considering the symmetries of a reduced action principle. This is an alternative approach than the one followed in the literature for the study of inhomogeneities, which is usually based on perturbations of an inhomogeneous field on the spacetime background. Here, we examine the emergence of classicality with an exact inhomogeneous solution. We check whether the two criteria for classicality are satisfied, that is the correlations on the phase space and decoherence. We verify that these two properties indeed hold, thus the classical behaviour emerges from our considerations. We comment on the connection between the emergence of an inhomogeneous spacetime and the current cosmological observations of a highly homogeneous universe at large scales.
Introduction
More than a century now, we know that the world is fundamentally quantum mechanical; yet our everyday experience fools us with a classical world. How do these two pictures reconcile? Indeed, if one accepts the thesis that the world is fundamentally quantum mechanical, the natural question to ask is how classical world we experience in our everyday life emerges from the quantum structures. There must be a mechanism for this to happen; but more importantly, what are the requirements for a system to be considered classical? Here, we will adopt the position that this transition from quantum to classical happens through the mechanism of decoherence, which destroys the interference terms between different quantum states. Usually, this happens through the interaction of the system with an environment. In quantum cosmology, on which we focus our considerations here, the universe is a closed system and the role of the environment is played by inhomogeneous degrees of freedom acting as perturbations in an overall homogeneous background (e.g. [1, 2] ). We are interested to explore a different path, by starting with a genuinely inhomogeneous spacetime and investigating the emergence of classicality due to the presence of symmetries.
Our starting point is the Szekeres spacetime, which is a dust type D exact solution of general relativity and has classically attracted the interest as alternative to Friedman-Lemaitre-Robertson-Walker (FLRW) description of the universe, but also of the Bianchi I (Kasner). The first currently serves as the "standard" cosmological model, while the latter as a model for the dynamics close to the singularity [3] . It is therefore clear that the class of models described by the Szekeres spacetimes can provide useful information for many properties of physically interesting models and possible new effects which might appear due to quantum gravity.
There are two criteria we consider to examine the emergence of classicality: i) Hartle's criterion which states that predictions in quantum cosmology are possible when there is a peak on the configuration space, which accordingly indicates a correlation between conjugate momenta on the phase space [4, 5] and ii) decoherence, which is quantified in the condition that the sum of the non-diagonal terms of the reduced density matrix are much smaller than the sum of its diagonal terms [1, 6] . To this end, we define the reduced density matrix by tracing out the constant of motion related to the classical symmetry in question.
In the following sections, we first summarise previous results regarding the classical symmetries of a reduced Lagrangian for the Szekeres spacetime and the solution of the quantum equations. Then, we proceed to check whether the first, but mainly the second criterion holds for a reduced density matrix defined as described above. In the last section, we discuss the results and the connection with the current cosmological observations about the homogeneity of the universe.
Preliminary results
The general spacetime element for the Szekeres solution is [7] 
where the functions A(t, x, y, z), B(t, x, y, z) can be specified by the solution of the Einstein equations with energy-momentum tensor of the dust,
Instead of the metric variables, we choose the physical variables, since we can take advantage of the fact that in these solutions the two components of the electric part of the Weyl tensor and the two components of the shear for the observer denoted by a time-like 4−vector u µ are equal respectively. In these variables, the evolution equations take the form [8] ρ + θρ = 0, (2.3a)
where˙= u µ ∇ µ and the energy density is defined as
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We can find a second-order differential system by solving equation (2.3a) with respect to θ and equation (2.3d) with respect to σ and replacing the results to the other two. The new system, which we omit to write can be further simplified through the transformation
These correspondingly can be seen as the Euler-Lagrange equations of the following Lagrangian function
It is interesting to note that the initial spacetime, despite the degeneracy between the different components of the Weyl tensor and the shear has no Killing vector field and it can only be said that these solutions are locally axisymmetric [9] . However, this reduced Lagrangian possess generalised symmetries which facilitates the quantisation of this system [10] . The symmetries of this Lagrangian are
and in the appendix A it is shown that their presence is due to the existence of two trivial Killing tensor fields on the confugration space of the (u, v) variables. It is clear that the first equation is the Hamiltonian function, thus it plays the role of "energy" of the reduced system. The stability analysis of this system [8] showed that there are two exact solutions when h = 0 and I 0 = 0 of the form
. The first solution corresponds to an unstable critical point for the dynamical system (2.6) while the latter to a stable one [8] .
Quantum dynamics and classical emergence
We now turn to the quantum dynamics which arises by turning to quantum operators the fundamental variables on the phase space and the classical observables to self-adjoint operators. Then, we find the following eigen-equations [10] −∂ uv + v u 2 Ψ = hΨ, (3.1)
which are the quantum analogues of (2.9). We note in passing that, contrary to what happens for gravitational systems, which are constrained due to the presence of the arbitrary functions (the lapse function and the shift vector), here the dynamics of the reduced system is not constrained. We now limit ourselves to the case h = 0, in which the wave function takes the form
If we select the constants such that Ψ 2 = iΨ 1 = C, the wave function is written in polar form as
where C is a constant. In [10] , we performed the Bohmian analysis for this wave function as well as for general values of the constant h. It was shown that the quantum potential, which is given by
where Ω(q i ) is the amplitude of the wave function (3.4), q i are the variables of the configuration space, in this case (u, v) and the Laplacian for this space, becomes zero. Since the quantum potential appears in the Hamilton-Jacobi equation as an additional term arising due to quantum effects, its value becoming zero means that the classical dynamics emerges from these quantum solutions. This can also be attributed to the fact that the variables q i = u, v and their conjugate momenta which are defined as p i = ∇ i S are highly correlated. Indeed, following the analysis of [11] , where it was shown that for the case of WKB-type wave functions strong correlations between the variables and their conjugate momenta on the phase space lead to strong peaks of the wave function and to classicality. We can conclude that the first criterion for the emergence of classicality as introduced by Hartle is satisfied [4, 5] .
We are now interested to check whether the second criterion holds, which is decoherence; this is the destruction of the interference terms between different systems due to correlations [12] and happens due to the interaction between subsystems. One plays the role of environment, which has infinite degrees of freedom and is of no interest in the analysis. Therefore it is traced out, keeping only the degrees of freedom of the system under physical interest. In cosmology, the environment is usually inhomogeneous degrees of freedom of some scalar field. In our case, though, we are interested to examine decoherence in relation to the existence of a symmetry. The induction of decoherence due to symmetries has been discussed before elsewhere, e.g. [13, 14] . In order to quantify this effect, we will define the reduced density matrix as
i.e. by tracing out the symmetry constant I 0 and i, j = 1, 2. If we insert the polar form of the wave function it becomes
The condition for decoherence is that the sum of the real part of the non-diagonal elements of this matrix should be much smaller than the sum of the diagonal elements [6] i =j
The diagonal elements are the ones with
which, after substituting the explicit form of the solution become
and depend only on u. For the non-diagonal elements, we are interested in the behaviour of their real part. These are given by i = k and/or j = l. Their real part is given by
This expression is always bounded, i.e always satisfies the relationship
with the equality holding for the diagonal elements when S ij = S kl . The right-hand side can be calculated and it is equal to
from which we recover the relation (3.9) for i = j. The relation we wish to show that holds for all the range of values of u is the sum of the corresponding term i.e.
since Re ρ red (u 1 , u 2 ) = Reρ red (u 2 , u 1 /) which is written in our case as This relation is true for every α > 0 and positive values of the configuration variables, which is of our interest, therefore we do have decoherence for this case induced by the presence of symmetry.
Discussion
We studied the quantum solution of an inhomogeneous gravitational model which is an exact classical solution. We showed that the presence of symmetry can satisfy two criteria for the emergence of classicality for the particular case of h = 0. Instead of separating our system to environment and subsystem, we traced out over the classical constant of motion I 0 . We examined the possibility that the interference terms are destroyed due to the existence of symmetries and we found that this can indeed be the case. It is a known fact that symmetries can lead to decoherence and this can also be manifest formally through the existence of superselection rules . These are rules prohibiting the existence of pure states which are superpositions of states belong to different coherent subspaces of the Hilbert space [14] .
These considerations strengthen the results in [10] and give further motivation to study possible quantum effects at the low-energy limit coming from inhomogeneous spacetimes.
Appendix A. The Killing tensors of the Lagrangian
The metric on the configuration space is
The Killing fields are
The (trivial) Killing tensors constructed by these Killing vector fields are found by the relation
and have the form The conserved quantities are given by K i = K µν i p µ p ν and one can see that K 1 corresponds to the equation (2.7), while K 2 to the energy, thus can be associated with the constants of motion considered in the main text as K 1 → I 0 and K 2 → h.
